The Coulomb deexcitation of light exotic atoms in collisions with hydrogen atoms has been studied in framework of quantum-mechanical treatment using the close-coupling method. The detailed calculations of the total cross sections have been performed for the principal quantum number n = 3 − 8 and relative energies region E = 0.01 ÷ 100 eV. The obtained results leads to the new n and E dependences of the Coulomb deexcitation cross sections in comparison with semiclassical approach.
Introduction
In this paper we present ab initio quantum-mechanical treatment of non-reactive scattering processes of the excited exotic hydrogen-like atoms:
-elastic scattering (aµ) n + (be) ν → (aµ) n + (be) ν ;
-Stark mixing (aµ) nl + (be) ν → (aµ) nl ′ + (be) ν ;
-Coulomb deexcitation (aµ) nl + (be) ν → (aµ) n ′ l ′ + (be) ν .
Here (a, b) = (p, d, t) are nuclei of colliding atoms and µ = µ − , π − , K − ,p; (n, l) are the principal and orbital quantum numbers of exotic atom and ν are the hydrogen atom quantum numbers. The processes (1) -(2) decelerate while Coulomb deexcitation accelerates the exotic atoms, influencing their energy distribution during the cascade. Starting from the classical paper by Leon and Bethe [1] , Stark mixing has been treated in semiclassic straight-line-trajectory approximation (see [2] and references therein). The fully quantummechanical treatment of the processes (1) -(2) based on adiabatic description was given in [3] [4] [5] [6] . Recently [7, 8] the elastic scattering and Stark mixing were also studied in a clouse-coupling approach with the electron screening effect taking into account by model. Thus, at present time we have the realistic description of the processes (1)-(2) in a wide range of n and E.
Concerning the acceleration process (3), the situation here is much less defined. There are calculations in the semiclassical [9] , quasiclassical advanced adiabatic (AAA) [10,11 and references therein] and classical-trajectory Monte-Carlo (CMC) [13] approaches. While the CMC results are in fair agreement with old semiclassical results of Bracci and Fiorentini [9] , the much more elaborated quasiclassical approach [10, 11] based on adiabatic hidden crossing theory [12] gives much lower cross sections of Coulomb deexcitation in comparison with the results of [9] for all values n and energies.
The main aim of this paper is to obtain cross sections of Coulomb deexcitation for 3 ≤ n ≤ 8 in realistic quantum-mechanical calculation which is free from all approximations used in previous studies. For this reason we use a unified treatment of elastic scattering, Stark mixing and Coulomb deexcitation within the close-coupling method. This approach was used previously for study of the elastic and Stark scattering of the excited muonic hydrogen on hydrogen molecule [14] . In the following section we briefly describe the close-coupling formalism and the main expressions. The results of the close-coupling calculations concerning the total cross sections of the process (3) are presented and discussed in Sec. III. Finally, summary and concluding remarks are given in Sec. IY.
Theory
The non-relativistic Hamiltonian for the four-body system (aµ − + be − ), after separating the center of mass motion, can be written in Jacobi coordinates (R, ρ, r) as
where M −1 = (m a + m µ ) −1 + (m b + m e ) −1 is the reduced mass of the system (m a , m b , m µ and m e are the masses of the hydrogen isotopes, muon and electron, respectively); V is the electrostatic interaction between subsystems, h µ and h e are the Hamiltonian of the free exotic and hydrogen atoms
where Φ nlm (ρ) and ϕ 1s (r) are the ortho-normalized wave functions of the exotic atom and hydrogen atom bound states; ε n and ǫ 1s are the corresponding eigenvalues. The interaction potential of the subsystems is defined by
with the two-body Coulomb interactions
Here we use the set of Jacobi coordinates (R, ρ, r):
where r a , r b , r µ , r e are the radius-vectors of the nuclei, muon and electron in the lab-system , R H , R µa are the center of mass radius-vectors of the hydrogen and exotic atoms, respectively.
The coefficients ν, ξ, ν e and ξ e in the two-body interactions (8)-(9) depend on the masses of the particles,
and satisfy ν + ξ = ν e + ξ e = 1.
Atomic units (a.u) = e = mem b me+m b = 1 are employed throughout the paper.
The total wave function Ψ(ρ, r, R) of the system satisfies the time independent Schrödinger equation
where E is the total energy of the system. For simplicity, in this paper we assume that the state of the target electron is fixed during collision. The electron excitations can be taken into account in a straightforward manner. Owing to the rotation and inversion symmetries of the total system, it is convenient to introduce the vector solutions of (13) in the total angular momentum representation. In a space-fixed coordinate frame we built the basis states from eigenvectors of the operators h e , h µ , l 2 , L 2 , J 2 , J z and the total parity ε with eigenvalues ε 1s , ε n , l(l + 1), L(L + 1), J(J + 1), M and (−1) l+L , respectively:
where |γ ≡ |nl, L :
Here the orbital angular momentum l of (aµ) nl is coupled with the orbital momentum L of the relative motion to give the total angular momentum J = l + L with component J z . Then, for the fixed values of J, M, ε = (−1) l+L the exact solution of the Schrödinger equation for colliding system,
is expanded as follows
where the G Jǫ nlL (R) are the radial channel functions and the sum is restricted to (l, L) values to satisfy the total parity conservation. This expansion leads to the coupled radial scattering equations
where k 2 n = 2M(E − ε n − ǫ 1s ) = 2M(E 0 + ∆ε n n ′ ) specify the channel wave numbers and energies; E 0 is the relative motion energy in the input channel, ∆ε n n ′ = 0.5µ(n 2 − (n ′ ) 2 )/(nn ′ ) 2 is the difference of the exotic atom bound energies in the final and initial states, µ is the reduced mass of the exotic atom. Finally, W J nlL,n ′ l ′ L ′ are the matrix elements that couple asymptotic channels (nlL; J) and (n ′ l ′ L ′ ; J):
The radial functions G Jǫ,nlL E,n ′ l ′ L ′ (R) must be regular everywhere, and, at R → 0
and at asymptotic distances (R → ∞) satisfy the usual boundary conditions
where k i , k f are the wave numbers of initial and final channels and S J (nl, L → n ′ l ′ , L ′ ) is the scattering matrix in the total angular momentum representation. The scattering amplitude for nlm → n ′ l ′ m ′ is defined by
where the transition matrix T J used here is given by
The matrix elements (21) of the interaction potential (7-9) are given by
The radial wave functions of the hydrogen-like exotic atom are normalized ∞ 0 R 2 nl ρ 2 dρ = 1 and given explicitly by
Averaging V (r, ρ ρ ρ ρ, R) in (26) over 1s-state of hydrogen atom we obtain
where
Using the additional theorem for spherical Bessel functions
(I p (x) and K p (x) are the modified spherical Bessel functions of the first and third kind) and substituting eqs.(30-32) into (26), we integrate over the angular variables. Furthermore, using the angular momentum algebra, we obtain:
Here the next definitions are used:
The functions h t (y) and f t (y) are given by
and
The radial integrals J t,s i (x, λ) are defined as follows:
and calculated analytically using the power series for the modified Bessel functions. Finally, we give the explicit expressions for the cross sections to be discussed in this paper. The partial cross sections of the processes (1) -(3) for transitions nl → n ′ l ′ , averaging over an initial isotropic distribution of degenerated substates and summed over the degenerate final substates, are given by
The l-averaged partial cross sections for the transitions n → n ′ are then computed by summing over l and l ′ with statistic factor (2l + 1)/n 2 :
The total cross sections for transition n → n ′ is obtained by summing of corresponding partial cross section over the total angular momentum J:
For discussion of obtained results and comparison of them with the other approaches we will need also the total cross section of Coulomb deexcitation (CD) including all transitions n → n ′ with n ′ < n:
Results
The close-coupling approach described in previous Section for the unified treatment of the elastic scattering, Stark mixing and Coulomb deexcitation (CD) processes has been used to obtain the cross sections for the collisions of the µ − p and µ − d atoms in excited states with hydrogen atoms. The present paper had at least two goals: first, to apply the rigorous ab initio fully quantummechanical approach for the study of the processes (1) -(3) and, second, to clear the validity of the energy and principle quantum number dependence of the CD cross sections used in literature and based on the semiclassical model [9] . So, we present here only small part of our results. In particular, to illustrate some main features of the calculated cross sections, we discuss only the l-averaged CD cross sections. The detailed results of the calculations will be published elsewhere.
The coupled differential equations (20) are solved numerically using the renormalised Numerov method. For convenience, we solve eqs.(20) with the real boundary conditions involving the Kmatrix instead of S-matrix. The corresponding T -matrix can be calculated from equation
where I is the unit matrix. Because of conservation of parity, the set of coupled differential equations (20) for each value J splits into two separate sets with different parity. In the calculations we have taken into account all posible multipoles in the interaction potentials and all open channels with n ′ ≤ n.
The close-coupling calculations have been carried out for the relative collision energies E cm from 0.01 up to 100 eV and for the excited states with n = 3 ÷ 8. At all energies we take into account such many values of the total angular momentum J and relative angular momentum L that all the inelastic cross sections were converged. Table 1 : Dependence of elastic and deexcitation cross sections σ nn ′ for (µd) n + H collisions at energy E cm = 0.1 eV on the number t m of terms included in multipole expansion for the potential. The results of the calculations are presented in Tables 1-3 and Figs. 1-6. The effects of the higher multipoles in the expansion of the interaction potentials are large (see Table 1 ). In contrast to the elastic scattering and Stark mixing processes where "dipole" approximation (t m = 1) gives practically the exact results, there is no the case for the Coulomb deexcitation. Ignoring the higher multipoles would lead to significant distortions of the cross sections. As it is seen from Table 1 the results are sharply changed in the top part of the table (t m = 1 ÷4) and are practically unchanged in the bottom one (t m = 5 ÷ 10). Thus, to provide the proper trearment of the CD the all multipoles in the expansion of the interaction potential must be taken into account.
In Fig. 1 we present the J dependence of the partial-wave cross sections σ J nn ′ for n = 7 at three fixed energies 0.1, 2, and 50 eV. It is seen that a substantial part of the Coulomb cross sections comes from partial waves with rather low J (in comparison with the elastic and Stark mixing processes). It is worthwill to note that for n = 3 the range of J values much less, e.g. at relative energies 0.01, 2 and 100 eV we obtain J max = 7, 11, 15 respectively, whereas for elastic scattering we obtain J max = 7, 60, 120 for the same energies. Thus, the semiclassical approximation is rather ambiguos for such low values J. Table 2 for (µp) n=7 + D collisions at the relative energy E cm = 1 eV. It is seen that only the nearest channels are important. While n increasing the energy gap between exotic atom states decreases. As a result the influence of the nearest channels becomes more significant and leads to unusual n and E dependence of the CD cross sections.
The convergence of the results upon the number of open channels is illustated in
The energy dependence of the total CD cross sections σ CD n (E) for n = 3 ÷ 8 is shown in Fig.2 in comparison with the results of Bracci anf Fiorentini [9] for n = 3, 5, 7 and the classical Monte Carlo (CMC) calculations of Jensen and Markushin [13] for n = 4 ÷ 8 and E cm = 0.5 and 5 eV. The present results are in poor agreement with the semiclassical results [9] and CMC results [13] . There is only qualitative agreement for n = 5 and energies above 1 eV. The energy dependence is approximately given by 1/ √ E cm at E cm 0.1 eV (see Fig.3 ). This is in qualitative agreement with the CMC results [13] in contrast to the 1/E cm behavior found for low energies in [9] and also in the advanced adiabatic approach (AAA) [11] . As for the n dependence of the total CD cross sections σ CD n (E) the situation is more complicated than it is followed from the semiclassical calculations [9] (see Fig.2 ). There is no dependence σ CD n ∼ n γ (γ ∼ 2 ÷ 3.5) as it is supposed in [9, 15] . Our prediction for the n dependence of the CD Table 3 : The cross sections of Coulomb deexcitation for (µp) n +H collisions calculated in quantummechanical coupled channels approach. The distribution over final states n f is completely different from the semiclassic results [9] as illustrated in Fig. 4 and Table 3 . The present calculations predict that ∆n = 1 transitions dominate in agreement with the semiclassical, AAA and CMC results. The transitions with ∆n > 1 are strongly enhanced as compared to results [9] and [11] and are in fair agreement with CMC calculations [13] . To determine the fraction of the transitions with ∆n > 1 in the total CD cross section we introduce
The calculated CD cross sections σ n,n−1 (E), σ CD n (E) and f n (E) for (µp) n + H collisions with n = 3 ÷ 8 and energies from 0.01 up to 20 eV are presented in Table 3 . The observable variations of the CD cross sections with E can be related to the opening of the additional channels with ∆n > 1. The violation of the known in literature [9, 10, 11] n-dependence is illustrated in Fig. 2 and in more detailes in Table 3 . For n = 4 ÷ 6 we observe the essential rearrangement of the CD cross sections. This prediction is in qualitative agreement with the preliminary CMC results of Jensen and Markushin 1 where one also can see (Fig. 2) the rearrangement of the CD cross sections for n = 4 ÷ 6. In Fig. 3 this effect can be more clear because of the different energy dependence of the CD cross sections with different n. In our opinion the traditional n dependence (σ CD n ∼ n γ with γ ≥ 2) followed from the semiclassical picture can be reached at the relative energies comparable or much more than ∆ε n,n−1 or for figher n states. The validity of this assumption is illustrated for n = 7, 8 in Figs. 3,5 and Table 3 . n i =8 B&F, n i =7 n i =7 n i =6 B&F, n=5 n i =5 Figure 4 : The cross sections of Coulomb deexcitation σ n i ,n f in a.u. for (µp) n + H collisions at E = 1 eV calculated in quantum-mechanical coupled channels approach in comparison with results of Bracci and Fiorentini [9] .
The transitions with ∆n = 1 are most likely but the ∆n > 1 transitions make up substantial fraction of the total CD cross section (16% -37%) for n ≥ 4. The energy dependence of this fraction is completely different for various n. In particular, this behaviour leads to the unexpected dependences of the cross sections on the principle quantum number n and collisional energy E cm .
It is possible that the problem of the high energy fraction of the kinetic energy distribution in muoinic hydrogen is related to the unproper behaviour of the CD cross sections taken in the extended standard cascade model (ESCM) [15] for n = 3 ÷ 7. The dependences of the CD cross sections on n and E used in ESCM are in disagreement with the results of our more elaborate close-coupling consideration.
In Fig. 6 we compare the present cross sections of CD σ n,n−1 (E) for (µd) n + H collisions with the results of AAA [11] for n = 3, 5. As in case of (µp) n + H [9] the transition 3 → 2 is strongly suppressed (almost two order) in comparison with the close-coupling calculations. At the same time for the transition 5 → 4 the results of AAA is suppressed in four times as compared with our results.
Conclusion
The unified treatment of the elastic scattering, Stark mixing and Coulomb deexcitation is presented in ab initio quantum-mechanical approach. The main features of Coulomb deexcitation in collision of the exotic hydrogen atom in highly excited states with hydrogen atom have been investigated in detail using the close-coupling approach. The new results for the n and E dependences of the CD cross sections are obtained for n = 3 ÷ 8 and relative energies up to 20 eV relevant to the kinetics. The calculated cross sections, refusing the long-standing traditional believes about σ CD n (E) ∼ n γ /E dependence based on semiclassical approximation, provide a reliable theoretical input for further cascade studies. The new important results are also obtained for the fraction of the transitions with ∆n > 1. It is shown that the contribution of these transitions is more essential than it is assumed earlier and reachs up to ∼37% for n = 6. We hope that our results will be Figure 6 : The cross sections of Coulomb deexcitation σ n,n−1 in a.u. for (µd) n + H collisions calculated in quantum-mechanical coupled channels approach (CC) in comparison with results of Ponomarev and Solovyov [11] (P&S). very useful for more realistic consideration of the kinetics. More detailed investigations concerning the partial transitions and other exotic particles will be discussed in a future publications.
